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In a recent paper we solved the Bernstein problem in the nonregular nonexcep-
 .tional case for the type 3, 2 . The aim of this paper it is to describe explicitly all
simplicial stochastic nonexceptional nonregular nonnuclear Bernstein algebras of
 .type n y 2, 2 . According to the Lyubich conjecture every nuclear Bernstein
algebra with stochastic realization is regular. Consequently, this paper would
 .completely solve the Bernstein problem for the type n y 2, 2 if the Lyubich
conjecture is proved to be true. Q 1996 Academic Press, Inc.
1. INTRODUCTION
w xIn works 1]4 , Bernstein raised and partially solved an important
problem concerning mathematical expression of fundamental laws of bio-
w xlogical heredity. Let us, following 19 , describe the statement of the
Bernstein problem.
The state of a population in any generation can be described by a
 .  .n  .stochastic or probabilistic vector x s x , so all the x G 0 and s x 'i is1 i
 x s 1. The set of all states is the basic simplex Dny1 ; R n. The verticesi i
 .ne of this simplex are the types of individuals in this population. Let usi is1
denote by p the probability that an individual of the type e appears ini j, k k
the next generation from parents whose types are e and e , soi j
p G 0 and p s 1. 1 .i j , k i j , k
k
Moreover, if the maternal or paternal origin does not play a role in the
production of offspring's types, then
p s p i , j, k s 1, 2, . . . , n. 2 .i j , k ji , k
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Let the population be panmixic, i.e., the mating in it is at random. Then
 X .nin the absence of selection the state x9 s x in the next generationi is1
will be
xX s p x x 1 F k F n . 3 .  .k i j , k i j
i , j
These formulas define a mapping V: Dny1 ª Dny1 called the e¨olutionary
 .operator e.o. for short of the given population. A state x is called an
equilibrium if Vx s x. An evolutionary operator V is called stationary
 . ny1s.e.o. for short if for every x g D the corresponding state in the next
generation is an equilibrium, or equivalently V 2 s V.
The Bernstein problem is to describe explicitly all stationary evolution-
ary operators.
The following interpretation of evolutionary operator V, given by the
 .formula 1 , is very useful in the solution of this problem. One can define
in the space R n a commutative product
e e s p e 1 F i , j F n . 4 .  .i j i j , k k
k
 .In such a way we obtain a commutative nonassociative baric algebra A
 .  w xover R. The pair A, s is a simplicial stochastic algebra see 19, p. 150 for
.a general definition . This means that the product of any elements x, y g
ny1 ny1  .D belongs to D further we say ``stochastic'' for short . This commu-
tative algebra A has a nonzero homomorphism s: A ª R. There is a
remarkable connection between the properties of stationary of an evolu-
tionary operator and some property of the corresponding algebra A.
w xThe following theorem was established by Lyubich 10 .
THEOREM 1.1. The operator V is stationary if and only if the identity
 2 .2  .2 2x s s x x holds.
Thus the Bernstein problem is reduced to describing all Bernstein
algebras having some stochastic basis and the multiplication with respect
to this basis.
Let us recall some definitions and facts concerning Bernstein algebras
 w x w x .  .see 19 and 20 for more information . A Bernstein algebra A, v over R
 .is a baric algebra that is, v : A ª R is a nonzero algebra homomorphism
satisfying the identity
2 22 2x s v x x 5 .  .  .
for every x g A. We remark that Bernstein algebras are not necessarily
algebras with a stochastic realization, that is, there exist Bernstein algebras
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such that for every basis the simplex D spanned by this basis is not
 w x.invariant with respect to the multiplication, i.e., D ? D o D see 8 . A
 .  .linearly independent set F in A is said to be stochastic if D F ? D F ;
 .D F . Therefore, a Bernstein algebra is an algebra with a stochastic
realization if and only if it has a stochastic basis.
A Bernstein algebra has a nonzero idempotent element e. Every such
element yields the Peirce decomposition A s R e [ U [ V , wheree e
1 .  4  4ker v s U [ V , U s x g Arex s x and V s x g Arex s 0 . Wee e e e2
 .  .will denote N s ker v and by I A the set of idempotent elements.
w x  .It was proved in 10 that dim U and then dim V does not depend one e
 .the choice of the idempotent element, so we can define type A s m, d
 .where m y 1 s dim U and d s dim V so n s dim A s m q d . Prod-e e
ucts between elements of U and V satisfy the following relations:e e
U 2 ; V , U V ; U , V 2 ; U ,e e e e e e e
2 22 2 3 2 2 2u s u u¨ s u s u u¨ s u ¨ s u¨ s u ¨ s 0 6 .  .  .  .  .  .
 .  2for all u g U and ¨ g V . On the other hand, I A s e q u q u ru ge e
24 U and if e s e q u q u is another idempotent, then U s u qe e
24   . 42uuru g U and V s ¨ y 2 u q u ¨r¨ g V .e e e
2  2 .Moreover, dim U and dim UV q V do not depend on the choice of
the idempotent element. So we will use the following definitions intro-
 w x.duced by Lyubich see 10, 14, 19 : a Bernstein algebra in which UV q
2  . 2  .V s 0 is called regular and a Bernstein algebra in which U s 0 is to
 .be exceptional. Every Bernstein algebra of type m, d with m y 1 or d less
or equal to 1 is regular or exceptional. As well, an algebra A where
A2 s A is called nuclear.
Finally, we will denote by U the subset U l ann U . This subset is0 e e
independent of the idempotent considered and is an ideal of A. On the
 w xother hand, A s ArU is a Jordan]Bernstein algebra see 5 for general0
.information about U and Jordan]Bernstein algebras .0
 .We call a s.e.o. regular, exceptional, or of the type m, d if the corre-
sponding stochastic Bernstein algebra is regular, exceptional, or of type
 .m, d respectively. So a s.e.o. is called degenerate if there exists i such that
xX s 0.i
Bernstein solved the Bernstein problem for n s 3. For all n ) 3 the
Bernstein problem in the so-called regular case and the exceptional case
was completely solved by Lyubich in a series of papers see also the book
w x.  . w x19 . The case n s 2 is trivial. Finally, in 7 we solved the problem for
 .the type 3, 2 in the case nonregular and nonexceptional and therefore we
solved completely the problem for n s 5.
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Now, we will remember some definitions of Lyubich that are very useful
 w xin the solution of this problem see 19, pp. 135 and 228 for more
.information . Let V be a Bernstein evolutionary operator. Consider an
arbitrary face G of the basis simplex D and let C s Int G l Im V asG
.usual, Int G is the interior of the face G with respect to its affine hull . We
will call the face G essential if C / B. An essential face G is called aG
k-dimensional essential face if C has dimension k as topological space.G
On the other hand, if x s n a e , a G 0, the support of x, denotedis1 i i i
 .  .supp x , is the set of basis vector or their corresponding indices for which
 .the coefficient is positive, i.e., i g supp x if and only if a ) 0.i
w xWe can prove from 5.8 of 19 the following
 .LEMMA 1.1. Let V be a Bernstein e¨olutionary operator of type m, d .
Then it contains at least m y k, k-dimensional essential faces.
Now, we obtain the following
LEMMA 1.2. Let V be a Bernstein e¨olutionary operator and G, G9 two
essential faces of V where G is 0-dimensional. If G l G9 / B, then G ; G9.
Besides, if G9 is also 0-dimensional, then either G s G9 or G l G9 s B.
Proof. Let x g G l G9. Since every essential face is invariant with
respect to the evolutionary operator, we have x 2 g G l G9. Consequently,
 2 . 2  2 .supp x ; G l G9. On the other hand, x g C and therefore supp x isG
 4equal to e : e g G .i i
 .2. THE BERNSTEIN PROBLEM FOR THE TYPE n y 2, 2
 4For a finite sequence F s x , x , . . . , x of elements of a vector space1 2 r
 :we write by K x , x , . . . , x the vector subspace spanned by F and by1 2 r
w xx , x , . . . , x the convex hull of F.1 2 r
 .LEMMA 2.1. Let A be nonexceptional nonnuclear of type n y 2, 2 . If e is
an idempotent element of A, then
 . 3  .i U s 0 ;e
 .ii U V ; U .e e 0
 . w xProof. We obtain i from Corollary 3.4.29 of 19 .
 4 2 Let ¨ , ¨ be a basis of V with ¨ g U since A is nonnuclear, we1 2 e 1 e
2 .  .  .have that dimU s 1 . By i we have that U ¨ s 0 .e e 1
 .If U s 0 , then we can obtain a basis of U such that u u s "d ¨ ,0 e i j i j 1
ny3  .u ¨ s 0 for 2 F k F n y 3 and u ¨ s  x u . Thus, by 6 we havek 2 1 2 is1 i i
 .  . . .  . .0su u ¨ s"x ¨ and 0s u qu u qu ¨ s u qu u ¨ s1 1 2 1 1 1 k 1 k 2 1 k 1 2
 ."x ¨ for k s 2, . . . , n y 3. Consequently U V s 0 .k 1 e e
If U / 0 then we consider A, the quotient algebra ArU . The element0 0
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e s e q U is an idempotent in A and if A s Ke q U q V is the Peirce0
decomposition, then
 4  4U s u q U : u g U V s ¨ q U : ¨ g V .0 e 0 e
 .Besides, the ideal U [ U l ann U is equal to 0 . Consequently, UVs0
0 q U and therefore U V ; U .0 e e 0
In the following A will be a Bernstein R-algebra nonregular nonexcep-
 . tional nonnuclear of type n y 2, 2 , n G 5. A basis C s e, u , . . . , u ,1 ny3
4¨ , ¨ is called standard if e is an idempotent element; u , . . . , u a1 2 1 ny3
basis of U ; ¨ , ¨ a basis of V ; and ¨ g U 2. We will denote by u , qe 1 2 e 1 e i, k j, k
ny3 ny3  4the scalars where u ¨ s  u u and ¨ ¨ s  q u . If F s e isi 2 ks1 i, k k j 2 ks1 j, k k i
a stochastic basis in A, the matrix M, where F s CM, is called the matrix
associated with the stochastic basis F with respect to C.
w xWe proved the following theorem in 8 .
THEOREM 2.1. The stochastic bases of A2, dim A G 6, ha¨e the following
forms
1. e s e1
e s e q u k s 2, 3, . . . , n y 2 .k ky1
e s e q a u q a u q b ¨ny1 1 1 2 2 1
 .where u u s d d q d d ¨ ; 0 - a , a ; a q a s 1; andi j 1 i 2 j 1 j 2 i 1 1 2 1 2
 4max a , a F br2.1 2
2. e s e1
e s e q u q b ¨2 1 1 1
e s e q u k s 3, . . . , n y 2 .k ky2
e s e q u q b ¨ny1 1 2 1
where u u s d l ¨ for 1 F i F j F n y 2 and b F 0, l , 2l , . . . , 2 li j 1 i j 1 1 1 2 ny2
F b .2
All the algebras A of the same dimension associated to the s.e.o. caseV
 . .1 of the above theorem are isomorphic and they are denoted by A . As2, 1
 .well, for every n, the Bernstein algebras corresponding to the case 2 of
the above theorem are isomorphic and they are denoted by A see1, 1
w x.Corollaries 2.3 and 3.1 of 8 .
w xThe following lemmas and theorems are proved in 7 for n s 5. Conse-
quently, in this proof we will consider n G 6.
By Lemma 1.1 we have
LEMMA 2.2. E¨ery stochastic basis in A contains at least n y 4 idempo-
tent elements.
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LEMMA 2.3. E¨ery stochastic basis in A contains at least n y 3 elements
in A2.
Proof. Suppose that there exists a stochastic basis that contains exactly
2  4n y 4 elements in A . Let F s e be this basis. By Lemma 1.1, for ani
w x w x w xarrangement of the stochastic basis we have that e , e , e , . . . , e ,1 2 3 ny2
w xe , e are 0-essential faces and therefore for an appropriate standardny1 n
basis that we denote by C the matrix M is one of the following two cases:
Case 1.
1 1 1 ??? 1 1¡ ¦
0 0 a1
. . .. . I .ny3. . .
0 0 any3
0 0 a ??? a a1 ny3 ny2¢ §1 g 0 ??? g g1 2
where g - 0, ¨ 2 s 0, and a F a for i s 1, . . . , n y 5.2 iq1 i
 .If 0 - a , then, as u q 2 u q a ¨ ¨ belongs to the interior of1 ny3 ny3 ny3 1 2
w ny3 xthe set u , a u , the second coordinate with respect to the stan-ny3 ks1 k k
dard basis of one of the vectors e e , e e is less than 0 and this is1 ny1 2 ny1
impossible. Consequently, a F 0 for i s 1, . . . , n y 4.i
If 0 - a , then we obtain a contradiction as the following schemeny3
shows: for 1 F i, j F n y 4,
ee ª a s 0iq2 i
e e ª u u s 0iq2 jq2 i j
 :u u s 0 ª U ; K u , . . . , ui j 0 1 ny4
2 2e , e ª a s 1ny1 n ny3
ee ª either a s 0 or a s ??? s a s 0n ny2 1 ny4
2 .ee ª a s ??? s a s 0n 1 ny4
e e , e e ª u ¨ g Ku1 iq2 2 iq2 i 2 i
 .  .e ee , e ee ª u ¨ s 01 n 2 n ny3 2
e e , e e , k s 1, 2 ª ¨ ¨ s 0k ny1 k n 1 2
e e , e e ª u ¨ s 0.iq2 ny1 iq2 n i 2
Consequently, a F 0 for k s 1, . . . , n y 3.k
If there exists k such that a - 0, 0 - k - n y 3, then it is clear thatk
the coordinate i of ee with respect to the stochastic basis is greater thani
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1 < <or equal to , for i s 3, . . . , n. Let j be the index such that a sj2
 < < 4  .max a : i s 1, . . . , n y 2 . The products ee and ee , l g supp ee ,i jq2 l jq2
 .imply that the cardinal of supp ee is equal to two. The productsjq2
1  .ee , ee are equal to e q e , but this is impossible. Consequently,jq2 n jq2 n2
a s 0 for 1 F i F n y 3.i
w xNow, since the face e , e is 0-essential, we obtain that 0 / any1 n ny2
and 0 / ¨ ¨ g Ku . Moreover, the products e e , e e imply that1 2 ny3 1 n 2 n
¨ ¨ s 0. This is a contradiction.1 2
Case 2.
1 1 1 ??? 1 1 1 1¡ ¦
0 0 a 0 01
. . . . .. . I . . .ny5. . . . .
0 0 a 0 0ny5
0 0 0 ??? 0 0 1 0
0 0 0 ??? 0 0 0 1
0 0 a ??? ? ? ? a1 ny2¢ §1 g 0 ??? 0 0 g g1 2
where g - 0, ¨ 2 s 0, and a F a for i s 1, . . . , n y 5.2 iq1 i
w x Since the face e , e is 0-essential we have that u qny1 n ny2yi
.a ¨ ¨ s b u q b u for i s 1, 2 where b b / 0. Now, con-ny1yi 1 2 i2 ny4 i1 ny3 21 12
sidering the products e e and e e we obtain a contradiction.1 n 2 n
LEMMA 2.4. E¨ery stochastic basis in A contains at least n y 2 elements
in A2.
Proof. We will suppose that there exists a stochastic basis that contains
2  4exactly n y 3 elements in A . Let F s e be this basis. By Lemma 1.1,i
after reordering the stochastic basis, we have three possibilities:
w x w x w xCase 1. The faces e , e , e , e , . . . , e are 0-essential. Then there1 2 3 4 n
exists a standard basis C such that the matrix associated with this basis is
1 1 1 1 ??? 1¡ ¦
0 0 0
. . .. . . Iny3. . .
0 0 0
0 a a b ??? b1 2 1 ny3¢ §1 g g 0 ??? 01 2
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where ¨ 2 s ¨ ¨ s 0. We obtain the following:2 1 2
e e , k s 1, 2, 3 ª u ¨ g Ku i s 1, . . . , n y 3 , .k iq3 i 2 i
1
2 2e e ª u u s u q u i , j s 1, . . . , n y 3 . . .iq3 jq3 i j i j2
Let k be such that u ¨ s bu / 0. Then by Lemma 2.1 u g U and sok 2 k k 0
1 2 2 2 2 .  .0 s u u s u q u s u r2 for i s 1, . . . , n y 3. Therefore, U s 0 ,k i k i i e2
but this is impossible.
w x w x w xCase 2. The faces e , e , e , . . . , e are 0-essential and there exists1 2 4 n
a standard basis C such that the matrix associated with this basis is
1 1 1 1 ??? 1¡ ¦
0 0 a1
. . .. . . Iny3. . .
0 0 any3
0 0 a b ??? b1 ny3¢ §1 g g 0 ??? 01 2
where g , g - 0, a F a , and ¨ 2 s 0.1 2 iq1 i 2
If 0 - a , then considering the product ee we have that b s 0 and2 iq3 i
also the product e e implies that u u s 0 for 1 F i F j F n y 3,iq3 jq3 i j
 .  .  : 2i, j / 1, 2 . Therefore U ; K u , . . . , u . As well, the product e0 3 ny3 3
implies that a q a F 1. Thus, taking the product e e , we obtain a1 2 4 5
contradiction. Consequently, a F 0.2
If a - 0 - a , then we obtain a contradiction as the followingny3 1
scheme shows: for 2 F i, j F n y 3,
ee ª b s 0iq3 i
e e ª u u s 0iq3 jq3 i j
 :u u s0 ª U ;K u , . . . , ui j 0 2 ny3
ee ª a s 0 b / 0 .3 1
ny3
e e , e e ª a u ¨ s 01 3 2 3 k k 2 /
ks1
e2 ª a contradiction.3
Therefore, 0 F a a .1 ny3
If 0 - a and a s ??? s a s 0, then b s ??? s b s 0 and1 2 ny3 2 ny3
 :u u s 0 for 2 F i, j F n y 3. Thus, U ; K u , . . . , u . It is easy toi j 0 2 ny3
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1 2prove that ¨ ¨ s u ¨ s 0, u ¨ g Ku , and u u s u , for 2 F i F n y 3.1 2 i 2 i 2 i 1 i 12
Thus u f U and u ¨ s 0 but this is impossible. Therefore, a F 0 fori 0 i 2 j
all j.
< <  < <If a - 0, then let j be the index such that b s max b : k sny3 j k
4  .  41, . . . , n y 3 . Using that supp ee ; 1, 2, 3, j and considering thejq3
products ee , ee we obtain a contradiction.j 3
Finally, if a s ??? s a s 0, then the product ee implies that1 ny3 iq3
a / 0 and ab F 0 for 1 F i F n y 3. Thus, u f U and u ¨ s 0. More-i i 0 i 2
over, getting the products e e and e e we have that ¨ ¨ s 0. This is1 3 2 3 1 2
impossible.
w x w x w xCase 3. The faces e , e , e , . . . , e are 0-essential and there exists1 2 4 n
a standard basis C such that the matrix associated with this basis is
1 1 1 1 ??? 1 1¡ ¦
0 0 1 0 ??? 0 0
0 0 0 a2
. . . .. . . I .ny4. . . .
0 0 0 any3
0 0 b b ??? b b1 2 ny3 ny2¢ §1 g g 0 ??? 0 01 2
where g , g - 0, a F a , and ¨ 2 s 0.1 2 iq1 i 2
If 0 - a , then for 3 F i, j F n y 3,2
ee , ee ª b s b s ??? s b s 03 iq2 1 3 ny3
e e ª u u s 0iq2 jq2 i j
e e , e e , e2 ª 0 / u ¨ g Ku ; U1 3 2 3 3 1 2 1 0
 :u u su u s0 ª U ;K u , u , . . . , ui j 1 i 0 1 3 ny3
e e , e e ª a contradiction.3 4 3 n
Therefore, a F 0 for all k.k
< <  < <Finally, since a - 0, considering j such that b s max b : i sny3 j i
4  .1, . . . , n y 2 and the products ee where l g supp ee we obtain a contra-l j
diction.
Therefore, in all cases, we get a contradiction that comes of the
assumption of the existence of only n y 3 elements of the stochastic basis
2in A .
THEOREM 2.2. If e , e , . . . , e is a stochastic basis of A with exactly1 2 n
n y 2 elements in A2, then there exist a permutation s and a standard basis,
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such that the basis belonging to one of the following two statement holds:
1. The subalgebra A2 is A2, 1
e s e q ¨¡ s 1. 2
e s e q g ¨s 2. 2~
e s e q u i s 1, . . . , n y 3 .s  iq2. i¢e s e q a u q a u q b ¨s n. 1 1 2 2 1
where
¨ 2 s ¨ ¨ su ¨ su ¨ s0, u ¨ su u ,2 1 2 1 2 2 2 k 2 k k
u u s d d q d d ¨ , 7 . .i j 1 i 2 j 2 i 1 j 1
0 - a , a ; a q a s1, 8 .1 2 1 2
ny3
< < 4max 2a , 2a F b , u / 0, 9 .1 2 l
ls3
y1 F g - 0, y1 F 2u F 1, 10 .k
for 1 F i, j F n y 3 and 3 F k F n y 3.
2. The subalgebra A2 is A1, 1
e s e q ¨¡ s 1. 2
e s e q g ¨s 2. 2
~e s e q u q b ¨s 3. 1 1 1
e s e q u i s 2, . . . , n y 3 .s  iq2. i¢e s e q u q b ¨s n. 1 2 1
where
¨ 2 s ¨ ¨ s u ¨ s 0, u ¨ s u u , u u s d l ¨ , 11 .2 1 2 1 2 k 2 k k i j 1 i j 1
ny3 ny3
< < < <l / 0, u / 0, 12 . l l
ls1 ls2
b F 0, l , 2l , . . . , 2l F b , 13 .1 1 2 ny3 2
y1 F g - 0, y1 F 2u F 1, u l s 0, 14 .k k k
for 1 F i F j F n y 3 and 2 F k F n y 3.
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 4Proof. Let F s e be a stochastic basis containing exactly n y 2i
elements in A2. We can suppose that e , . . . , e belong to A2. Let1 ny2
2 2 4 w xe s e , e l A . Then e , . . . , e , e is a stochastic basis of A . Byny1 n 1 ny2
 .Theorem 2.1 after a reordering of the stochastic basis for an adequate
standard basis we have the following possibilities:
2  .1. The stochastic basis of A admits a presentation as the case 1 of
Theorem 2.1 where e s e. Considering the products of the elements of the
 .basis we obtain the case 1 of this theorem.
2  .2. The stochastic basis of A admits a presentation as the case 1 of
Theorem 2.1 where e s e q u . Then the stochastic basis is of the form1
e s e1
ny3
e s e q a u q ¨2 i i 2
is1
ny3
e s e q b u q g ¨3 i i 2
is1
e s e q u k s 4, . . . , n y 1 .k ky2
e s e q a u q a u q b ¨ .n 1 1 2 2 1
 .  .  .where u u s ¨ , u u s 0 if i, j / 1, 2 , 2, 1 and g - 0. By Lemma 2.11 2 1 i j
 :UV ; K u , . . . , u . Now we obtain a contradiction as the following3 ny3
scheme shows:
e e , e e ª a , b G 01 2 1 3 i i
w xe q u g e , e ª a sb s1, and a sb s0, k)11 2 3 1 1 k k
e ee , e ee ª u ¨ s 0 .  .2 2 3 2 1 2
e2 , e e ª ¨ 2 s 02 2 3 2
e e , e e ª ¨ ¨ s 02 n 3 n 1 2
e e , e e ª u ¨ s 0 i s 4, . . . , n y 1 . .2 i 3 i iy2 2
2  .3. The stochastic basis of A admits a presentation as the case 1 of
Theorem 2.1 where e s e q a u q a u q b ¨ . Then the stochastic basis1 1 2 2 1
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is of the form
e s e1
e s e q u k s 2, . . . , n y 2 .k ky1
ny3
e s e q a u q ¨ny1 i i 2
is1
ny3
e s e q b u q b9¨ q g ¨ .n i i 1 2
is1
 :As the above case UV ; K u , . . . , u . Now we obtain a contradiction3 ny3
as the following scheme shows:
e e , e e ª a , b G 01 ny1 1 n i i
w xeg e , e ª a q a sb q b s1, and a sb s0, k ) 2ny1 n 1 2 1 2 k k
e e , e e ª u ¨ s 0 i s 2, . . . , n y 2 .i ny1 i n iy1 2
e2 ª ¨ 2 s 0ny1 2
e e ª ¨ ¨ s 0.ny1 n 1 2
2  .4. The stochastic basis of A admits a presentation as the case 2 of
Theorem 2.1 where e s e. Then the stochastic basis is
e s e q ¨1 2
e s e q g ¨2 2
e s e q u q b ¨3 1 1 1
e s e q u k s 4, . . . , n y 1 .k ky2
e s e q u q b ¨ ,n 1 2 1
 : 2where UV ; K u , . . . , u and ¨ s ¨ ¨ s ¨ ¨ s 0. Considering the2 ny3 2 1 2 1 2
 .products of the elements of the basis we obtain the case 2 of Theorem.
2  .5. The stochastic basis of A admits a presentation as the case 2 of




e s e q a u q ¨2 i i 2
is1
ny3
e s e q b u q a ¨ q g ¨3 i i 1 2
is1
e s e q u k s 4, . . . , n y 1 .k ky2
e s e q u q b ¨ ,n 1 1
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 :where UV ; K u , . . . , u . Then2 ny3
ee , ee ª a , b G 02 3 i i
w xe q u q b ¨ g e , e ª a sb s1 and a sb s0, k)21 1 1 ny1 n 1 1 k k
ee e , ee e ª u ¨ s 0 .  .2 2 2 3 1 2
e2 ª ¨ 2 s 02 2
e e , e2 ª ¨ ¨ s 02 n 3 1 2
e e , e e ª u ¨ s 0 i s 4, . . . , n y 1 . .2 i 3 i iy2 2
This is impossible.
Now we will formulate our main result in the Bernstein problem. It is a
reformulation of the above theorem.
THEOREM 2.3. Let V be a stationary e¨olutionary operator of type n y
.2, 2 nonregular, nonexceptional, nonnuclear, and nondegenerate. Then it has
one of the following two forms.
1. If A2 is isomorphic to the algebra A , thenV 2, 1
xX s s y ba p p 15 .  .1 1 2 1
xX s s y ba p p 16 .  .2 2 1 2
xX s b p p 17 .3 1 2
ny3
X 2x s g s y s q u q p 18 .  .4 1 k k /
ks1
ny3
X 2x s g s y s q u q p 19 .  .5 2 k k /
ks1
xX s s q u q p k s 6, . . . , n 20 .  .  .k ky3 ky3
where s s n x andis1 i
p s x q a x , p s x q a x , p s x k s 3, . . . , n y 3 21 .  .1 1 1 3 2 2 2 3 k kq3
q s g x y g x 22 .2 4 1 5
0 - a , a , g , g ; a q a s g q g s 11 2 1 2 1 2 1 2
 4 y1max a , a F b1 2
ny3
< <u s u s 0, u / 01 2 i
is3
y1 F g u F 1 j s 1, 2; k s 3, . . . , n y 3 . .j k
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2. If A2 is isomorphic to the algebra A , thenV 1, 1
ny31
Xx s b s y l p p 23 .1 2 k k 1 /b y b2 1 ks1
ny31
Xx s yb s q l p p 24 .2 1 k k 1 /b y b2 1 ks1
ny3
X 2x s g s y s q u q p 25 .  .3 1 k k /
ks1
ny3
X 2x s g s y s q u q p 26 .  .4 2 k k /
ks1
xX s s q u q p k s 5, . . . , n 27 .  .  .k ky3 ky3
where s s n x andis1 i
p s x q x , p s x k s 2, . . . , n y 3 28 .  .1 1 2 k kq3
q s g x y g x 29 .2 3 1 4
ny3
< <b F 0, l , l , . . . , l F b , l / 01 1 2 ny3 2 i
is1
ny3
< <0 - g , g ; g q g s 1; u s 0, u / 01 2 1 2 1 i
is2
y1 F g u F 1, l u s 0 j s 1, 2; k s 2, . . . , n y 3 . .j k k k
Remark. It remains to note that from Theorem 2.1 it is very easy to
describe explicitly all stochastic bases of A with exactly n y 1 elements in
A2 and consequently solve completely the Bernstein problem in the
degenerate case.
We conclude that all these evolutionary operators are not normal in the
w x wsense of 19, p. 167 . This is a new support to the Lyubich conjecture 19, p.
x232 . According to the Lyubich conjecture, if V is a normal stationary
evolutionary operator, then the corresponding Bernstein algebra is regular.
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